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Abstract. We first summarize the characterization of smooth spacelike 
spherically symmetric constant mean curvature (SS-CMC) hypersurfaces 
in the Schwarzschild spacetime and Kruskal extension. Then use the 
characterization to prove special SS-CMC foliation property, and verify 
part of the conjecture by Malec and O Murchadha in [6]. 
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1. Introduction 

Spacelike constant mean curvature (S-CMC) hypersurfaces in spacetimes are 
important and interesting objects in general relativity. From the geometric 
point of view, S-CMC hypersurfaces in spacetimes are critical points of the 
surface area functional with fixed enclosed volume [3]. Local maximal prop¬ 
erties of S-CMC hypersurfaces in some conditions are proved by Brill and 
Flaherty [2|. These characterizations are similar to those of compact CMC 
hypersurfaces in Euclidean spaces. 

Brill, Cavallo, and Isenberg considered spacelike spherically symmetric 
constant mean curvature (SS-CMC) hypersurfaces in static spacetimes, es¬ 
pecially in Schwarzschild spacetimes [5]- From the variational principle, the 
CMC equation is derived. They gave descriptions of the behavior of SS-CMC 
hypersurfaces in the Schwarzschild spacetime through numerical integration 
and effective potential. 

Among issues of CMC hypersurfaces, CMC foliations are important in 
understanding spacetimes and relativistic cosmology because York HD] sug¬ 
gested the concept of the CMC time functions on spacetimes. Marsden and 
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Tipler considered the existence and uniqueness of CMC Cauchy hypersurface 
foliations with mean curvature as a parameter in spatially closed universes 
or asymptotically flat spacetimes [HJ. 1 11 the paper [3], Brill-Cavallo-Isenberg 
conjectured that a complete CMC foliation in the extended Schwarzschild 
spacetime with mean curvature varied for all values can be obtained. This 
conjecture is answered by Eardly and Smarr on the existence in [5] . and Per- 
vez, Qadir, and Siddiqui gave a procedure which possibly produce an explicit 
construction with numerical evidence [§j. 

Malec and O Murchadha also considered SS-CMC hypersurfaces and CMC 
foliations in the Schwarzschild spacetime m ■ Their idea is viewing the Ein¬ 
stein equation as a dynamical system, then the Hamiltonian and momentum 
constraints give the formula of the second fundamental form of SS-CMC hyper¬ 
surfaces. Through the analysis of the lapse function and the mean curvature 
of spherical two-surfaces, they can characterize the behavior of SS-CMC hy¬ 
persurfaces. In addition, they suggested two types of SS-CMC foliation. In fBJ, 
they conjectured that the extended Schwarzschild spacetime can be foliated 
by a family of SS-CMC hypersurfaces with fixed mean curvature but varied an¬ 
other parameter. In [7], they described another SS-CMC foliation with varied 
mean curvature and the parameter. Both CMC foliations have phenomenon 
of exponentially collapsing lapse. 

In this paper, we investigate the SS-CMC foliation property with fixed 
mean curvature and partially answer the conjecture posted by Malec and 
O Murchadha in [B]. To achieve the goal, detail study on properties of SS- 
CMC hypersurfaces in the Schwarzschild spacetime and Kruskal extension is 
necessary. Before aware of the work of Malec and O Murchadha in [6], we 
characterize all smooth SS-CMC hypersurfaces in the Kruskal extention from 
different points of view in [SJ. Our proof of the SS-CMC foliation property 
highly depends on the explicit formulation obtained in [5], For the reader’s 
reference, we first summarize related results on the smooth SS-CMC hyper¬ 
surfaces in the Schwarzschild spacetime and Kruskal extension in section [2] 

In section [U we concentrate on the foliation of SS-CMC family with T- 
axisymmetry in the Kruskal extension, which is abbreviated by TSS-CMC for 
convenience. We explain and reformulate the TSS-CMC foliation conjecture 
in section m and then derive criteria for TSS-CMC family being disjoint in 
section These criteria are used to show that the TSS-CMC foliation holds 
in the Kruskal extension region n and II ’ as in Theorem 13,111 and Theo¬ 
rem [3TB1 For the foliations in region I and I ’ with nonzero mean curvature, 
the estimates of the criteria are more subtle. We test some crucial cases by 
the numerical integrations and it looks that TSS-CMC foliation might hold in 
general. As the analysis for this part is technically more involving, we leave 
the investigation to the future. 

When mean curvature is zero, the surface is called maximal liypersur- 
face. In this case, it is much easier to prove the foliation property in region 
I and 1 1 and we show that TSS-maximal hypersurface form a foliation in 
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the whole Kruskal extension. This result was first proved in [T] by different 
arguments. 


2. Preliminary 


The Schwarzschild spacetime is a 4-dimensional time-oriented Lorentzian 
manifold with metric 

1 


ds 2 


= -( 1 -™) 


dt 2 


■ dr 2 + r 2 dO + r 2 sin 2 9 d <j> z 


r ) ~ 

After coordinates change, the Schwarzschild metric can be written as 
16M 2 e 5¥ 


ds 2 = 


- (-dT 2 + dA 2 ) + r 2 d 9 Z + r 2 sin 2 9 d (j) 2 


16 M 2 e 2 m 


dUdV + r 2 d 9 2 + r 2 sin 2 9 d</> 2 


where 


(r - 2 M) e™ = X 2 — T 2 = VU 


2 M 


= In 


A' + T 


A -T 


= In 


( 2 . 1 ) 


( 2 . 2 ) 


It shows that r = 2 M is only a coordinate singularity. The Schwarzschild 
spacetime has a maximal analytic extension, called the Kruskal extension. 
It is the union of regions I, n, I ’, and n ’, where regions I and n corre¬ 
spond to the exterior and interior of one Schwarzschild spacetime, respec¬ 
tively, and regions I ’ and n 1 correspond to the exterior and interior of the 
other Schwarzschild spacetime. Figured] points out their correspondences and 
coordinate systems (A, T) or (U, V). 



Figure 1. The Kruskal extension of Schwarzschild spacetimes. 

When r = 2 M, relation (12.211 implies U = 0 or V = 0. Furthermore, the 
solution of m with r = 2 M and any finite value t is ( U , V) = (0, 0), so the 
origin of the Kruskal extension correspond to all points of r = 2 M and t finite 
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value (although these points are not defined in the Schwarzschild spacetime). 
Similarly, if t —> oo (or —oo), then (12.21) gives U = 0 (or V = 0). Hence K-axis 
correspond to all points r = 2 M and t = oo, and [7-axis correspond to all 
points r = 2 A1 and t = — oo 

Sometimes we will use null coordinates (u,v) by 

u = t — (r + 2Mln |r — 2M |) and v = t + (r + 2Mln |r — 2M\), (2.3) 

and relations between ([/, V) and (u, v) are given by 

region I region n region I ’ region n ’ 

(J 0 AM —0 AM —0 AM 0 AM 

]/ 0 4M 04M —04M —04M , 

In this article, we will take 8t as a future directed timelike vector field. 
Note that dr in the two Schwarzschild spacetimes has different directions 
and it is indicated in Figure [T) 

In the following subsections, we will summarize the results of spacelike 
spherically symmetric constant mean curvature (SS-CMC for short) hypersur¬ 
faces in Schwarzschild spacetimes and Kruskal extension. These formulae and 
arguments are useful when dealing with CMC foliation problem. We refer to 
our article in ArXiv [a for more details. 


2.1. SS-CMC solutions in region I and I’ 

To understand SS-CMC hypersurfaces in the Kruskal extension, one can study 
and analyze SS-CMC solutions in the Schwarzschild spacetime first, and then 
discuss their images in the Kruskal extension. 

First, we consider SS-CMC hypersurfaces in the Schwarzschild exterior, 
which map to the region I or I’ in the Kruskal extension. Since a spacelike 
hypersurface in the Schwarzschild exterior can always be written as a graph 
of r, 9, and </>, particularly, an SS-CMC hypersurface in the Schwarzschild ex¬ 
terior is a graph of /(r). Lj We use subscripts /i and f 3 to represent SS-CMC 
hypersurfaces that map to region I and I ’, and leave subscripts fa and 
for SS-CMC hypersurfaces that map to region n and n ’. 

For /i(r), the constant mean curvature equation is 


fi + 





fi — 3-ff 




= 0 , 


where h(r) = 1 — and H is the constant mean curvature. H This is a 
second order ordinary differential equation, and we can solve the equation as 
follows: 


Proposition 2.1. [3j Suppose E 1 = (fi(r),r,9,<j>) is an SS-CMC hypersurface 
in the Schwarzschild exterior (corresponding to region I) with constant mean 


x The function f(r) corresponds to the height function h(r) in paper [6]. 

2 In paper [6], they use the terminology extrinsic curvature K , and the relation is H = 
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curvature H. Then 


fi(r]H,a,ci) = j 

J n 


h(x;H , ci) 


h{x) ^l + ll(x;H, Cl ) 


da; + ci, 


where 


h(r\H,ci) = 


VW) 


( Hr+ %)' 


Here C\ and C\ are constants, and rq £ (2 M, oo) is fixed. 


Similarly, the constant mean curvature equation of an SS-CMC hyper¬ 
surface £ 3 = (/ 3 (c), r, 6, (f) (corresponding to region I J ) is 


fs + 






= 0 , 
(2.4) 


and the solution of equation llOl is the following: 


Proposition 2.2. [5] Suppose £ 3 = (/ 3 (c), r, 9, <j>) is an SS-CMC hypersurface 
in the Schwarzschild exterior (corresponding to region I’) with constant mean 
curvature H. Then 


h{c,H, c 3 , 



1 l 3 (x;H,c 3 ) _ 

, . , — , da; + C 3 

h{x) y/l + q( X ;H, c 3 ) 


where 


l 3 (r\ H, c 3 ) 


1 

VW) 



Here C 3 and c 3 are constants, and r 3 £ (2 M, 00 ) is fixed. We remark that for 
given constant mean curvature H, if c\ = c 3 , then f[(r) = —f' 3 (r ). 


We have complete discussion about the asymptotic behavior of SS-CMC 
hypersurfaces £1 and £3 in [5], Here we just remark that for H 0, SS-CMC 
hypersurfaces are asymptotic null and for H = 0, maximal hypersurfaces are 
asymptotic to the spatial infinity. 


2.2. SS-CMC solutions in region n and n ’ 

For SS-CMC hypersurfaces in the Schwarzschild interior, since the future time¬ 
like direction is —d r direction, spacelike condition gives that an SS-CMC hy¬ 
persurface can be written as (t, g(t), 9, <f) for some function r = g(t). 

Proposition 2.3. [6] Each constant slice r = r 3 £ (0, 2 M) in the Schwarzschild 
interior (corresponding to region n) is an SS-CMC hypersurface with mean 
curvature 

H{r 0 ) = 2r °~ 3M = , 

3\Ao(2M - r 0 ) 

These hypersurfaces are called cylindrical hyper surf aces. 
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For r = g(t) 7 ^ constant, we consider its inverse function, and denote 
t = f 2 (r) whenever it is defined. Since / 2 (r) is obtained from the inverse 
function, we have f 2 (r) 7 ^ 0 and will allow f 2 (r) = 00 or — 00 . 


Proposition 2.4. [5] Suppose £ 2 = (/ 2 (r), r, 0, </>) is an SS-CMC hypersurface 
in the Schwarzschild interior (corresponding to region n). Then 


f*i (r- H, c 2 ,c 2 ) 

fr(r;H, C2 ,c? 2 ) 


l$(x;H,c 2 ) ^ 


- h{x ) y l\(x\ H , c 2 ) 


- 1 


c 2 , 


1 / l 2 (x- 1 H,c 2 ) 

h(x ) y Zf(x; H , c 2 ) — 1 


depending on the sign of f 2 (r), where 


l 2 (r-H, c 2 ) 


1 

V~ h ( r ) 




or 


(2.5) 

( 2 . 6 ) 


Here c 2 ,c 2 ,c 2 are constants, and r 2 ,r 2 are points in the domain of f 2 {r) and 
f 2 *(r), respectively. 

The function l 2 (r ) should satisfy l 2 {r ) > 1, which implies c 2 < 0 when 
H > 0 and c 2 < — 8 A I 3 H when H < 0. We will write f 2 (r) to denote both 
f 2 {r) andf 2 *{r). 


Similarly, for SS-CMC hypersurfaces in another Schwarzschild interior 
(corresponding to region n ’), all cylindrical hypersurfaces r = ro G ( 0 , 2 M) 
are SS-CMC solutions with mean curvature H(ro) = —When r 7 ^ 

3- v /r-g(2M—r 0 ) 


constant, we have the following results. 


Proposition 2.5. [5] Suppose £ 4 = (f 4 (r),r,0,(j)) is an SS-CMC hypersurface 
in the Schwarzschild interior (corresponding to region II’). Then 


c *< ^ r 1 / ll{x;H, c 4 ) 

f 4 (r, H, c 4 , c 4 ) _ h{x) y ^ H C4) _ x 

f **, „ _ f r 1 / lj{x;H,c 4 ) j ^ 

/ 4 (r, #, c 4 , c 4 ) ^ y z a (a;; ^ c4) _ x dx + c 4 

depending on the sign of f 4 (r), where 

h{r) = , . ( Hr + 4 ) ■ 

V'-Zi(r) V r 2 / 


dx + C4, or 


(2.7) 

( 2 . 8 ) 


77e?’e 04 , 04,04 are constants, and r 4 ,r 4 are fixed numbers in the domain of 
fl{r) and fl*{r), respectively. 

The function / 4 (f) should satisfy li(r) > 1, which implies C 4 > — 8 M 3 H 
when H > 0 and 04 > 0 when H < 0. In addition, we have f 4 {r) 7 ^ 0 and will 
allow f 4 (r) = ±00 at some point. We will write fi{r) to denote both f 4 (r) 
and fl*{r). 
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From Proposition ^. 41 and 12.51 we know conditions I 2 (r) > 1 and h{r) > 
1 put restrictions on the domain of /^(rj-ff, c) and f±{r]H,c), respectively. 
Remark that c could be C2 or C4. Particularly, we have the equivalent condi¬ 
tions: 

hir) = — . (—Hr —> 1 « —Hr 3 — r 3 ( 2 M — r ) 3 > c, 

V r2J 

li{r) = — (Hr 4 - > 1 <t=> —Hr 3 + r 3 ( 2 M — r ) 3 < c. 

Define two functions kn(r) and kn(r) on (0,2 M) by 

kn{r) — —Hr 3 — r 3 (2M — r ) 3 (2-9) 

kn{r) = — Hr 3 + r 3 (2M — r) 3 , (2.10) 

then domains of / 2 (r; H 1 c) and fi(r; H , c) will be 

Zl >2 = {r- € (0,2M)|fc ff (r) >c}U{r£ (0, 2M)|fcjj(r) = c and /^(r) is finite} 

P 4 = {r £ (0,2M)|fc H (r) < c} U {r G (0, 2M)\ks{r) = c and fi(r) is finite}. 


t 



Figure 2. Domain of /^(r) and fi(r). 

It is easy to see domains D 2 and £>4 visually. Take H > 0 for example 
and cases H = 0 and H < 0 are similar. Figure [2] illustrates the graphs of 
kfi{r) and fc#(r), which form a loop in the r-t plane. Given any constant c, 
preimage of the line L(r) = c below kn{r) belongs to £>2, and preimage of 
the line above kn{r) belongs to D4. 

We still have to take care of the intersection of L(r) = c and the loop, 
which may also belong to D2 or D4. Let Ch be the minimum value of £q/(r) 
achieved at r = rn and let Ch be the maximum value of fcff(r) achieved 
at r = Rh ■ After some analysis which can be found in [5], it turns out that 
when c € ( ch,Ch ), intersections of £(r) = c and k u(r) belong to £> 2 , and 
intersections of £(r) = c and kn{r) belong to D4. But when c = Ch or 
c = Ch , their intersections do not belong to domains £>2 or D4. 
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In conclusion, we have the following proposition on SS-CMC hypersur¬ 
faces: 

Proposition 2.6. [5] 

(a) If ch < C 2 < max(0, — 8 M 3 H), then / 2 (c) is defined on (0,r'] or 

[' r" ,2M ) for some r' and r", which depend on H and c-i. When we 

take r 2 = r ' 2 = r'{or r") and C 2 = C 2 in (12.51) and (12.61) . the union 

E 2 = (/|(r; iL, C 2 , C 2 ) U /|*(r; iL, C 2 , c^), r, 0, </>) is a smooth SS-CMC hy¬ 
persurface in the Schwarzschild interior {region n). 

(b) If nhn(0, — 8 M 3 H) < C 4 < Ch, then fi{r) is defined on (0,r'] or 

[r",2AI) for some r' and r", which depend on H and C 4 . When we 

take r 4 = r ’ 4 = r'{orr") and c .4 = c ' 4 in (12.71) and (12.81) . the union 

E 4 = (/|(r; if, C4, C4) U/|*(r; iL, C4, C4), r, 0, </>) is a smooth SS-CMC hy¬ 
persurface in the Schwarzschild interior {region II’). 

2.3. Smooth SS-CMC hypersurfaces 

Given an SS-CMC hypersurface in the Schwarzschild exterior or interior, as 
long as its domain is defined near r = 2 M, we can discuss the behavior of 
SS-CMC hypersurfaces near r = 2 M and join two SS-CMC hypersurfaces in 
different region smoothly in the Kruskal extension. 

Here we only list results of SS-CMC hypersurfaces needed in next section 
and refer to [5] for all the other cases. 

(a) If ch < C 2 < — 8 M 3 H, from Proposition 12.61 (a), for every SS-CMC 
hypersurface E 2 defined near r = 2 M, then the spacelike condition is 
preserved as r —> 2 M~. Since /| —> 00 as r —> 2AI~, the image of E 2 
touches the interface of region n and I. We can take E 1 in region I with 
ci = C 2 and suitable ci which is determined by C 2 such that E 1 UE 2 is a 
smooth SS-CMC hypersurface in the Kruskal extension. Similarly, since 
/|* —> —00 as r —> 2M~ 1 the image of E 2 touches the interface of region 
n and I ’. We can take E 3 in region I ’ with C 3 = C 2 and suitable C 3 
which is determined by C 2 such that E 1 U E 2 U E 3 is a smooth SS-CMC 
hypersurface in the Kruskal extension. 

(b) If — 8 M 3 H < C 4 < Ch, from Proposition 12.61 (b), for every SS-CMC 
hypersurface E 4 defined near r = 2M, then the spacelike condition is 
preserved as r — > 2M~. Since fl* —> —00 as r — > 2M~, the image of E 4 
touches the interface of region n 1 and I. We can take E 1 in region I with 
ci = C 4 and suitable ci which is determined by C 4 such that E 1 U E 4 is a 
smooth SS-CMC hypersurface in the Kruskal extension. Similarly, since 
/| —> 00 as r —> 2 M~, the image of E 4 touches the interface of region 
n ’ and I ’. We can take E 3 in region I ’ with C 3 = C 4 and suitable C 3 
which is determined by C 4 such that E 1 U E 4 U E 3 is a smooth SS-CMC 
hypersurface in the Kruskal extension. 

(c) If ci = — 8 M 3 U, from Proposition 12.11 every SS-CMC hypersurface E 1 
is defined near r = 2 M, and the spacelike condition is preserved as 
r —> 2M + . Since /i(r) tends to a finite value as r —> 2M + , we can 
extend fi(r) at r = 2 M, and the image of E 1 touches the origin of 
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the Kruskal extension. We can take E 3 in region I ’ with C 3 = Ci and 
suitable C 3 which is determined by ci such that E 1 U E 3 is a smooth 
SS-CMC hypersurface in the Kruskal extension. 

The upshot of the characterization of SS-CMC hypersurfaces is: 

Theorem 2.7. [5] For H £ R, all smooth SS-CMC hypersurfaces and their 
behaviors in the Schwarzschild spacetimes or in the Kruskal extension are 
completely characterized, by two constants c and c. 

3. CMC foliation in the Kruskal extension 

3.1. A conjecture of CMC foliation 

A spherically symmetric hypersurface can be represented by a curve in the 
Kruskal plane, and it is convenient to study the curve in null coordinates as 
E = (U(s),V(s)). In such coordinates, the spacelikc condition is equivalent 
to the tangent vector of E being spacelike, that is V'(s)U'(s) > 0 from (12.11) . 
Hence the curve can be written as a graph of V(U) with 

d 1 ^ . v ’(8) 

d U U'(s) ' 

That is, V ( U ) is a monotone increasing function. 

Definition 3.1. An SS-CMC hypersurface E = ( U(s),V(s )) in the Kruskal 
plane is called T-axisymmetric if E is symmetric with respect to the T-axis: 
U + V = 0, or equivalently, E satisfies the following condition: 

If (U, V) £ E, then (■ -V,,-U) £ E. (*) 

In the following, we use TSS-CMC to represent T-axisymmetric SS-CMC. 

In !3], we have constructed all smooth SS-CMC hypersurfaces. Every SS- 
CMC hypersurface is characterized by two parameters c and c. Now we con¬ 
sider SS-CMC hypersurfaces with c £ ( ch, Ch), and cylindrical hypersurfaces 
r = ru in region n and r = Rh in region n ’, which correspond to c = ch 
and c = Ch , respectively. Recall that ch < —8M 3 H < 0 < Ch when H > 0 
and Ch < 0 < — 8 M 3 H < Ch when H < 0. If we put superscripts + and — 
on functions knir) in (12.91) and kn(r) in (12.101) to represent their increasing 
and decreasing part, respectively, we know that each c £ ( ch,Ch),c 7 ^ 0 
determines two families SS-CMC hypersurfaces, which can be distinguished 
by A;J(r), kfj(r), k^j(r) or fc^(r). Denote their associated smooth SS-CMC hy¬ 
persurfaces by E H. c ,c’ Eh, c ,c and E c respectively. For c = 0, it 

determines one family of SS-CMC hypersurfaces belonging to Ej^ c E if H > 0, 
or belonging to E^ f . - if H <0. The following Proposition shows the existence 
of TSS-CMC hypersurfaces in each family. 

Proposition 3.2. Among the family of SS-CMC hypersurfaces E^ cg , there 
exists a unique TSS-CMC hypersurface E fj c . Same conclusion also holds for 
E//, c ,c’ ^ h,c,c an d ^ h,c,c■ Here c e ( Ch,Ch) and H £ R. 
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Proof. For E^ cg with c £ (ch, 0), hypersurfaces are in the Schwarzschild 
interior (region n). Let rfj c be the solution of kjj(r) = c. Choose c such that 
f( r H c ; c, c) =0, where the formula of / is given in (12.511 or (12.611 H. Denote 
this SS-CMC hypersurface by E^ c . The hypersurface in U + V > 0 
region corresponds to f'(r) < 0 with domain (0,r^J in the Schwarzschild 
interior, and it has nonnegative t- value: t = ff f(_(x; c)dx, where f'_ = 

\\J jtzi (see Proposition 12.41 equation (12.61) 1. From the table below (12.31) . 
the corresponding (17, V) coordinates are 


U{r-c) 

V(r;c) 


= —p — (t—r—'2AI In \r—2M\) 


f r _ f'_ (x-,c)dx—r— 2Mln \r—2M\ 

r H,c 


= e w(*+H-2Mln|r-2M|) = V 


457 ( f r - fL(x;c)dx+r+2Mln\r—2M\ 


(3.1) 


On the other hand, the hypersurface E H c in U + V <0 region corre¬ 
sponds to f'(r) > 0 with domain (0,r^ c ] in the Schwarzschild interior, and 

it has nonpositive t- value: t = f' + (x',c)dx, where f' + = -zrh\J The 

corresponding ([/, V) coordinates are 


- 4 W\f r - f + (x\c)dx-r-2M\n\r-2M\ 


U(r\c) = — e - 47cr( t - r - 2Mln l r '- 2M l) = —e V r «.< 

TXT I f r ~ f',(x\c)dx-\-r-\-2M\n \i —2MI ) 

V{r\ c) = e™‘ (t+r+ 2 Mln l r_2M D = e^^ \ 7. 


(3.2) 


Since f_(x-,c) = —f' + (x;c) for all x £ (0,r ffc ], (13.111 and (13.211 satisfy the 
condition ©■ 

For E^ cg with c £ (ch,—8M 3 H), these hypersurfaces pass through 
regions I, n, and I’ (See discussion (a) before Theorem 12.711 . Let r^ c be 
the solution of fcj(r) = c. Choose c such that /(rj c ; H, c, c) = 0, where the 
formula of / is given in (I2.5|l or (12.611 . Denote 


(Hr 3 + Ci) 2 + r 3 (r — 2 M) — (Hr 3 + ci) y / p7r^flqJ 2 ^bT^r^^2M) 

(3.3) 

then E^ c in U + V > 0 region satisfies f(r) = —j + f(r). Therefore, we 
have 

t=m = 4 . (-w l +rM ) ix 

= — r — 2Mln |r — 2M\ + rj c + 2Mln |rj c — 2M| + j f'( x)dx. 

' r H,c 


3 We will omit the subscripts 1, 2,3, 4 of / and l as long as there is no confusing. 
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It leads to 


U (r; c) = 


= (r — 2 M) e 


e 4M in region I _ f e 4 m( { r 2Mln b 2M|) in region I 

— e — tkt in region n 1 _ e _ 4ir( t_r_2Mln l r_2M b in region n 

OT ^-2r+r+ 0 +2Mln|r+ c -2M|+/^ + /'(*)da:J 

W ( 2 r-r^ c —2M In |r+ <; -2Af|-/ r + /'(*) dz ) 

= (r — 2M) e ' rH ’ c ' . 

i TTT I +2Mln|ri — 2M|+f r i /Va^dx) 

V( r;C ) =e li7d+r+ 2 Mln|r-2M|) -£,0 ' 7. 

(3.4) 


On the other hand, E^- c in U+V < 0 region satisfies f'(r) = ^y — f(r), 
and we have 


U(r;c) = -e 


“OT - r n,c- 2 Mln l r n,c- 2 M l-/J+ /'(*) dx 


= —e 


OT r H,c+ 2Mln \ r H,c~ 2M \+fI+ f( x ) dx 


2 r-r+ -2Mln|r+ -2M|-/ r + /'(a:) da: 

V(r;c) = -(r-2M)e"~y ’ ’ r "'= 

Hence E^ c satisfies condition J*j), and E^ c is a TSS-CMC hypersurface. 

When c = —8 M 3 H, E^ c - pass through region I and I ’ (See discussion 
(c) before Theorem 12.71) . Choose c such that /(2M; H,c= —8 M 3 H, c) = 0 in 
the Schwarzschild exterior, and denote the hypersurface by E^ _ 8M 3 jy- The 
expression of E^ _ 8M 3 # is 

U(r) = v ^C2lew (_ £< / i( I ) dl+r ) 

V(r) = \/r - 2Me® ( J'i« /((x)dx-H-) in re S lon I > 

J7(r) = —v/r - 2Me®<" Jw ^(*)d®+r) 

V(r) = -\/r - 2Mew^M /j(x)dx+r) in region I , 


where 

/sW = -/(W = -J? 


r(r 2 + 2Mr + 4M 2 ) 2 


r-2M J \r 3 + H 2 (r — 2M)(r 2 + 2Mr + 4M 2 ) 2 


Hence T, H _ SM 3 H satisfies condition (j*j), and is T-axisymmetric. 

The other cases can be discussed similarly. □ 


With Definition 13. 1 1 and Pronosition l3.2l we can rephrase the conjecture 
of Malec and O Murchadha in [B] as TSS-CMC hypersurfaces with H fixed and 
c varied from ch to Ch form a foliation. It will be explained in more details 
below. We will discuss the case H > 0 only. The case H < 0 is similar. 

Consider the graphs of k~^Uk] { Llk^ 1 LlkJ I as a loop, which is illustrated in 
the left picture of Figured When we circle the loop clockwise from the origin, 
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Figure 3. Graphs of kn(r) = k H Uk^j and fcjj(r) — kfl Uk H , 
and a possible TSS-CMC foliation for H > 0. 


the first piece is k J with c € (0, Ch) and their corresponding TSS-CMC hyper¬ 
surfaces are E^ c . Let c be the solution of fc^(r) = c, then the hypersurface 
E^ c intersects the r-axis at r = f J in the Schwarzschild interior (region 

n’) and from (12.211 . E^ c intersects T-axis at T = — ^J 2 M — c e^^u in 

the Kruskal plane. The increasing property of k^ implies that f^ increases 
as c increases, so the T-intercept increases as well. 

These TSS-CMC hypersurfaces E^ c from c = 0 to c = Ch are conjec¬ 
tured to form a foliation between two hyperbolas r = 0 and r = Rh , where 
Rh is the solution to k^(r) = Ch- When c = Ch, we take the cylindrical 
hypersurface r = Rh to be the TSS-CMC one, and call it E^ Cr . Denote 
^,o<c<c„ = {^jO<c<C ff }. 

The second piece is fcj} with c decreasing from Ch to — 8 M 3 H. Let rjj c 
be the solution of kj[(r) = c, then the corresponding TSS-CMC hypersurface 
E// c intersects the r-axis at r = c in the Schwarzschild interior (region 

II’), and Sj fc intersects T-axis at T = — 2 M — c e~rKr in the Kruskal 

plane. The T-intercept increases when c decreases. When c = — 8 M 3 H, the 
TSS-CMC hypersurface E^ sm 3 h P asses through the origin in the Kruskal 
plane. Hence E^ for c ranging from Ch to — 8 M 3 H lie between the hyper¬ 
bola r = Rh and Ej^ and they are conjectured to form a foliation. 

Denote E h,c h >c>—8m 3 h = {^- i h,c\C'H > c > — 8 M 3 H}. 

The third piece is k^ with c decreasing from —8M 3 H to ch- If 'I'h c i s 
the solution of fc^(r) = c, the TSS-CMC hypersurface E intersects T-axis 

2M — r^ c e"Sr, and the T-intercept increases when c decreases. 


at T = 
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The critical value ch determines a TSS-CMC hypersurface r = rn, which is 
a cylindrical hypersurface, and we call it Denote Ej sm 3 h>c>c h = 

{EjSj-J — 8 M 3 H > c > ch}- It is conjectured that TSS-CMC hypersurfaces 
in Ej sm 3 h>c>c h f° rm a foliation between E^ _ 8JVf3H and the hyperbola 
r = r H - 

Finally, consider kfj with c increasing from ch to 0. Denote Ej^ ch < c< q = 
{Ej ^ c |ch < c < 0}. These TSS-CMC hypersurfaces E^ c lie between two 
hyperbolas r = rn and r = 0 in region n with the T-intercepts T = 

yj 2 M — rfj c e^r, where rjj c is the solution of kfj{r) = c, and the T- 

intercept increases when c increases. So E# CfJ < 0< o are conjectured to form 
a foliation between two hyperbolas r = rn and r = 0 . 

As we move along the loop from kfj, kfj, kjj to k^, the change of their 
T-intercepts is indicated in the right picture of Figure [3j In these notions, 
Malec and O Murchadha’s conjecture can be summarized as: 

Conjecture 3.3 (Malec, Edward and O Murchadha, Niall, [6]). Given any con¬ 
stant mean curvature H , the Kruskal extension can be foliated by the TSS-CMC 
hypersurfaces {E#} = E h,o< c <c h U ^ h,c h >o-8M 3 h u ^-‘h,-8M 3 h>c>c h U 

^H,c h <c< o- 

3.2. Criteria for a global CMC foliation 

From the construction in section o each TSS-CMC hypersurface in {E#} 
has different T-intercept. The continuity property implies that {E#} forms 
a local foliation near the T-axis. That is, for any two TSS-CMC hypersurfaces 
in {E#}, there exists an open set O in the Kruskal extension such that they 
are disjoint in O near the T-axis. Conjecture 13.31 claims that {E#} is a global 
TSS-CMC foliation. In other words, the open set can be taken as the Kruskal 
extension and {E#} covers the whole Kruskal extension. 

To answer the conjecture, we will first derive criteria that hypersurfaces 
in {E#} are disjoint. The T-axisymmetry implies that it suffices to consider 
the hypersurfaces in U + V >0 region. We restrict to this case from now 
on. First, consider the family of TSS-CMC hypersurfaces ^h CH<C<0 - The V- 
coordinate of E c is given in (13.11) : 


V(r;c) = e ™' (t+r+2Mln|r ' _2M|) = e 4 


f r _ f'_ (x\c) dx-\-r-\-2M In \r—2M\ 

r H,c 


where 


f f-(x;c) dx=f 
Jr 


-Hx 3 - , 


- e * - 2 M ^(Hx 3 +c) 2 +x 3 {x-2M) 


dx. (3.5) 


We remark that when c G (ch, 0), the integral can be extended to a finite 
value at r = 0. So K(0;c) is defined, and we can use V(0;c) to derive a 
criterion to detect whether E h c ,c G (ch, 0) are disjoint. 





14 


K.-W. Lee and Y.-I. Lee 


Proposition 3.4. If dv ^°’ c ^ < 0 for all TSS-CMC hypersurfaces in E H CH<C<0 , 
then the hypersurfaces are disjoint. If dV ^ d ’ c - ) >0 at c = Cq, then E^ will 
intersect some other hypersurface in ^h ch<c< q- 


Proof. For 0 > Ci > C 2 > ch , and for r G (0,2 M) where V (r; Ci) and V (r; C 2 ) 
are defined, we have 

Cl ) — Cl ^ e OT fj(fU x ;ci)-fL(x;c 2 ))dx 

V(r;c 2 ) F( 0 ;c 2 ) 

The condition d ^ d,c ^ < 0 implies < 1. Furthermore, from Proposition 

IQ we have 


c \fL 

dc 


1 -1 d l 

h(r) (/2 - 1)1 dc 


so /i(r;ci) — f'_{r\C 2 ) < 0, which implies e™ do G-{^\c 1 )-f_(x-,c 2 ))dx < 1. 
Therefore, V(r;ci) < V{r;C 2 ) for all r is defined, and hence E h ch<c<0 are 
disjoint because an intersection point must have the same r by & 

If dv (jY 0 ) > 0 , there exists c\ > cq and e > 0 such that V(0;ci) — 
F(0;co) = s > 0, which implies > 1. Consider the function F(r) = 

defined on r G [0,r^ c J, then 


F ( r H, Cl ) = e 


_ i_ r rH ’ c 1 f (x 

AM J r H,CQ •'-V * 1 


,cq) dx 


< 1 


because of r H < r H Co and f'_{x, Co) < 0. By the intermediate value theo¬ 
rem, there exists r 0 G (0, ) such that F(ro) = 1, so (U(ro',co),V(ro;co)) 

is an intersection point. □ 


Similar arguments give a criterion for E ho<c<C H ' 

Proposition 3.5. If dl7 ^°’ c ^ > 0 for all TSS-CMC hypersurfaces in o<c<C H ’ 
then the hypersurfaces are disjoint. If dU ^ c ’ c ^ <0 at c= cq, then E# Co will 
intersect some other hypersurface in E^j- o<c<C H ■ 

Next, we consider E~^ sm 3 h>c>c h ' The ^~ C001 'dinate of E^ c in U + 
V > 0 region is given in (E3|): 


V(r;c) = e™ 


(t+r+2M In \r-2M\) _ 


W r+ +2Mln|r d 


-2M I+/T 

H,c 


f'(x) da 


Proposition 3.6. Given r' > vh, if dV ^ < 0 for all TSS-CMC hypersurfaces 
in the family E^ ^sm 3 h>c>c h ’ then the hypersurfaces are disjoint for all 
r G [rj j,r'] defined. If dV ^ c > 0 at c = Co, then E^ Cq intersects some 
other hypersurface in ^h-sm^h^och • 
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Proof. For —8M 3 H > c\ > c 2 > ch and r < r', we have 

Cl ) _ ’ Cl ) e 377 / r r, (/'(a:;c2)-/'(a;;ci))da; 

V(r;c 2 ) V(r';c 2 ) 

The condition dv ^ ’ c - > < 0 implies < 1 . One can check > 0 

and it gives /'(r;ci) > f(r;c 2 ), so e™"■£" (/ , ( x ; c 2 )-/'( x ; c i)) dx < 1 . There- 
fore, < 1 for all r defined. Since UV = (r — 2 M)e^r, it shows that 

T ‘h,- 8 M 3 h>c>c h are disjoint. 

If nv c °> > 0, there exists Ci with C\ < Co and e > 0 such that 
V(r';c 0 ) - V(r';ci) = e > 0, which implies > 1. Let F(r) = 

which is defined on r € [rj , 00 ). Since 



^(^g.coico) ^g.eoico) 

^( r g, C 0 ; c i) ^( r ff, Ci ; c i) 


by the intermediate value theorem, there is ro €= (rj , r') such that F(r$) = 
1 , and ([/(ro; cq), V(ro; cq)) is the intersection point. □ 


We also have a criterion for ^h c h >c>-8M 3 h- 

Proposition 3.7. Given r' > Rh, if — 0 f or TSS-CMC hypersurfaces 

in the family c h > c >-8M 3 h> th en the hypersurfaces are disjoint for r € 
[Rh,v'} defined. If dU ^ c < 0 at c = Co, then Cg intersects some other 
hypersurface in ^h jCh >c>-8M 3 h- 

For TSS-CMC hypersurfaces in families £“ )CH<C<0 and ^h_ 8 m 3 h>c>c h ’ 
^-coordinates are positive in U + V >0 region, so the criteria for disjoint 
hypersurfaces can be replaced by d ^ < 0. Similarly, for TSS-CMC hyper¬ 
surfaces in q <c< c h an d c h >c>-8M 3 hi [^-coordinates are positive in 
XJ + V > 0 region, so the criteria for disjoint hypersurfaces can be replaced 
by > 0 . 

Finally, we remark that two families £ J - 8 m 3 h>c>c h aR d c H <c<o 
must be disjoint because the cylindrical hypersurface r = rjj is a bar¬ 
rier between them. Similarly, r = Rh is a barrier between 0 <c<C H an d 
y- 

z ~‘H,C h >c>—8M 3 H’ 

3.3. CMC foliation for E jj < c<0 in region n and E j r 0 <c<( j H in region n ’ 

In the following, we use R = R(H,c) to denote r~f Ic (r^ c ,r^j c , or ffj c ) in 
convenience when it does not cause confusion. 

Proposition 3.8. For all H £ K, each TSS-CMC hypersurface in £ h ch<c<0 
satisfies dln W° |C ) < 0 so that they are disjoint. 
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Proof. From the calculation in the Appendix [A] we have the formula (IA.8I) : 

dlnV(0 ;c(R)) _ 1 _ ( f R H ■ F(x, R) + G(x, R) ^ ^ 

dc ~~4MJ(R)y/-h(R) \J 0 {R - x)i{P(x,R))^ ) ' 

where F(x,R) and G(x,R) are as (1A.2D and (1A.4D : 

F(x, R) = x 2 (—3x 2 (x + R- 2 M) + (: 2x - 3 M)(x 2 + Rx + R 2 )) 

= x 2 ((3M — x)(x 2 — R 2 ) + xR{R — 3 M — x)) and 
G(x, R) = X 2 y/ -h(R)(x(R - 3M) + R{x - 3 M)). 


Because both F(x,R ) and G(x,R) are negative functions on x £ [0,1?], and 
J{R) = -3 HRi (2 M -R) + (2 R - 3 M) < 0, we get dIn ^ e (0;c) < 0 if H > 0. 


If H <0, we can still show that H ■ F{x , R) + G(x, R) < 0 for all 
x £ [0,1?], which also implies d ln °’ c < 0. The proof goes as below. Define 
a = ^,6 = and z = We have relations h(R) = 1 — 2M = 1 — b, and 
from (fall 


HR=^ 


b y/a — 1 




Hence R < rn, H < 0, and x £ [0,1?] imply b > a > | and 0 < z < 1. 
Furthermore, we have 


H ■ F{x , R) 
a R i z 2 / 4 — 3a 
b y/a — 1 \ 6 

a R 4 z 2 f 3a — 4 


b y/a — 1 


6 


—3 z 2 (z + 1 — b) + ( 2 z — —b ) (z 2 + z + 1 ) 


z i z ~ 1)(^ + 2 ) + 776 ~ ( 2 - - ) + 


The term z(z — 1 )(z + 2) is negative on z £ [0,1], so 


rr 7 -i/ T -.7 a R A z 2 f 3a — 4 

H ■ F(x, R) < T 


b y/a - 1 V 6 
For G(x, R), because b > |, we have 


(36) = 


R 4 z 2 a /3a — 4 
y/a — 1 


G(x, R) = R 4 z 2 Vb^l ^ ^1 - + ( z ~ ) 

= R 4 z 2 y/b — 1 (z (2— ^b 


3R i z 2 by/b — 1 3R 4 z 2 ay/a — 1 

< --- < - v 


Hence 


H ■ F(x,R)+G(x,R) < 


2 2 

R 4 z 2 fa(3a — 4) 3a(a^l) 


y/a — 1 
a R 4 z 2 


2 y/a — 1 


2 

< 0 . 
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□ 


To show E 


H,ch<c<0 


forms a foliation between r = 0 and r = rn in 


the Kruskal extension n, we still need to prove that every point can be 
covered by some TSS-CMC in E^ CH<C<0 - As explained after (13.51) . /(0; H, c) = 
lim /(r; P, c) is defined. We will estimate /(0; P, c) when c —>■ 0 or c —>■ Ch■ 


r —>-0 


Proposition 3.9. For TSS-CMC hypersurfaces in c H <c<o> we have 

and 


lim /(0; P, c) = oo, 

C->CH 


lim/(0; H, c) = 0. 

c —>-0 


Hr 3 + c{R) 


dr for all R > —, 
2 


Proof. First, we know 

r R r 

/(0; P, c) > / -—— — -j= _ 

Jlk. r - 2M ^/{Hr 3 + c{R)) 2 + r 3 {r-2M) 

where c{R) = —HR 3 — Ri{2M — R)^. Consider 

{Hr 3 + c(P )) 2 + r 3 (r — 2M) 

= (R - r)P\ (r, R, deg = 5) 

= {R- r) 2 P 2 (r, R, deg = 4) + (R - r){2R 2 ){3HRi{2M - R)i +3 M- 2R), 

where P\ and P 2 are polynomials with respect to r. Because {Hr 3 +c{R)) 2 + 
r 3 (r — 2 M) > 0, we know Pi(r, R, deg = 5) > 0 for all r G [0 ,R]. We also 
have 3PP§ (2 M - R)i + 3M - 2P > 0 for R < r H . Let 

Qi(R) = max P 2 (r, R, deg = 4), 
r£[Of,R] 

Q 2 {R) = 2R 2 {3HRi{2M - R)? +3M-2R) > 0, 


m{R) = min 


r(Hr 3 + c{R )) 


r — 2M 


and to = min m(R) > 0. 


We have 


/(0; P, c) > to f 


1 


: dr. 


\J{R — r) 2 Qi{R) + (P — r)Q 2 {R) 

The quantity Q 2 —> 0 and Q i bounded as P —> r# (c —► c#) imply /(0; P, c) — 
oo as c ^ ch- This can also be seen by direct computation that the integra¬ 
tion gives 


In 


VQi 



When c tends to 0, we split /(0; H, c) into two parts 
' r R 


/ (0; P, c) = 


1 


l 2 {r; c) 

— h{r ) V Z 2 (r; c) — 1 


dr - 


1 


Z 2 (r; c) 
U - h{r) V Z 2 (r;c) - 1 


dr 


= (I) + (H). 
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The square root term of the first part has a maximum value at r = r* = r* (i?), 
so 


c) 


(1) w P(r,;c) - 1 J 0 —h(r) 
For the second part, 


dr = 


fR 1 

(II) = L -< 


l 2 {r*-,c) 
Z 2 (r*; c) — 1 

— Hr 3 — c 


R 


+ 2 M In 


dr 


2 M 


■2M - | 


—h(r) ^J ( Hi ,3 + c) 2 + r 3 (r — 2 M) 


< Qs(R) 


l 


— Hr 3 —c(R) 


dr = Q 3 {R)V2R , 


where Q 3 (R) = max, rCl B R i A , , ' = Hence we have 

’ re[ T ,K] -h{r) v /p 1 ( r ,_R i deg=5) 

2M 


0 < /(0; i/, c) < 


I l 2 {r*;c) 
l 2 {r*\c) - 1 


+ 2Mln 


2M — f 


Q 3 (R)V2R. 


As c —>• 0, we have i? —> 0 and Z 2 (r*; c) bounded away from 1 as well as Q 3 {R) 
being bounded. So right hand side of the above inequality tends to zero when 
R—> 0, and it gives /(0; H, c) —> 0 as c —> 0. □ 


Since lim = oo and lim/(0; Ft, c) = 0, for any level set 

C — VCh c—>-0 

t = to > 0 there is Co such that t 0 = f(0;H,co) and f(0\H,c) > t 0 for all 
c € (cp,Co). For given H £ R and c € (c#,0), because f(r;H,c) > to > 0 
and /(.R; H , c) = 0, there exists r = r(c, to) such that /(r; iL, c) = to- 


Proposition 3.10. The TSS-CMC family T, H CH < c <o pointwise converges to the 
cylindrical hypersurface r = Th as c —> cjj. 


Proof. For SS-CMC liypersurfaces 
rR 


^/(r; H, c) = J* 


H x 3 


x - 2M ^/(Hx 3 + c) 2 + x 3 (x-2M) 


dx, r, 9,4> 


f(r ; H, c) is a continuous function with respect to the parameter c. To prove 
the proposition, it suffices to show that 


lim r(c,t 0 ) = r H . 

O—yCH 


Fix to > 0, for any c € (cp,co) there exists ?’o = ro(i?) such that 
rR r Hr 3 + c 


*o — 


3 (fl) r ~ 2M y 7 ( Hr 3 + c) 2 + r 3 (r — 2M) 


dr. 


Note that c = —HR 3 — R? (2 M — i?) 2 , where c and i? can determine each 
other uniquely in the family T H ch<c<0 (E+ 0<c<Cff , ^h,c h >c>-8 M 3 H’ and 
-sm 3 h>c>c h )• Hence we can use R as parameter instead. Letting c tend to 
ch, if ro{R) rH, then right hand side will be unbounded, and it contradicts 
to the finite value of left hand side. Hence we have r 3 (R) -> rp. □ 
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Combining all the results above gives the following theorem. 


Theorem 3.11. For all H G K, the TSS-CMC family CH<C<0 forms a foli¬ 
ation between two cylindrical hypersurfaces r = 0 and r = rn in the Kruskal 
extension n. 

The same arguments lead to the CMC foliation for E^ 0<c<c , h : 

Theorem 3.12. For all F[ G R, the TSS-CMC family E^ o<c<C H f orms a foli¬ 
ation between two cylindrical hypersurfaces r = 0 and r = Rh in the Kruskal 
extension n ’. 


3.4. CMC foliation for E+ _ gM3j?>c>cjf and ^h,c h >o-sm 3 h 
Proposition 3.13. There exists a constant C > 0 such that for any given 
Fd > —C, dln which means hypersurfaces in Ej sm 3 h>c>c h 

are disjoint in region n when H > — C. 


Proof. We refer to the Appendix iBlfor the calculation of ; which 

gives 

dlnR(2M;c(.R)) __1_ ( [ 2M H ■ F{x, R) + G(x, R) ^ ^ 

dc ~~ 4 MJ{R)y/-h{R) \Jr {x-R)i(P(x,R))i * ) 


in (IB.21) . Note that c(R) = —HR 3 — R%(2M — R) 3 , J{R) > 0 is given in 
(IA.6I) and F(x, R), G(x, R) are in (IA.3I) . (IA.4I) . respectively. Function G(x, R) 
is negative on [R, 2 M] because R < 2 M and x < 2 M. 

Next we show that F(x, R) is negative on [ R, 2 M] when H > 0. By the 
change of variables b = and z = F(x,R) can be expressed as 


R b z z -z 3 + 


36_1 

2 


2 — — 
2 

3b 


3 b 

~2 


Let F(z, b) = —z 3 + (y ~ l) z 2 + (2 — y) z ~ ■ Note that H > 0 implies 

b < Since the coefficient of the highest order term of F is negative and 
F(^,b) = F(0,b) = F(l,b) = -f < 0, we have F(z,b) < 0 for z G [1,6] 


with b < 


as 


3b—4 


< 0 < 1 in this case. So F(x , R) is negative on [1?, 2 M] 


when H > 0 and thus dlny (2Abc(-R)) q w h e n H > 0. By the continuity, we 


dc 

get dlny(2 d f ;c(fl )) < 0 for H > -C. 


□ 


Proposition 3.14. For TSS-CMC hypersurfaces in E^ sm 3 h>c>c h re fl* orl 
n, we have 


lim V(2M;c) = oo, and lim V(2M- 1 c) = 0. 

c-^tCH ce-8M 3 H 

Proof. Recall that from (ED) , 

417 ( r H,c+ 2Mln \ r H,c~ 2M \ + ff+ F(.z)dx ) 

V(r; c) = e V H -° ), 
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where 

r 4 

f'(r ) =- . 

(Hr 3 + c) 2 + r 3 (r — 2 M) — (Hr 3 + c)y/(Hr 3 + c) 2 + r 3 (r — 2M) 

is given in m- Notice that 

(Hr 3 + c(R)f + r 3 (r - 2 M) 

= (r - R) 2 P 3 (r, R, deg = 4) + (r - R)(2R?) (-3HR? (2 M - R)* - 3M + 2 Rj 

(3.6) 

with -3HRi(2M - R)i - 3M + 2R > 0 for R > r H - Let 


Q 4 (R) = max P 3 (r,R, deg = 4), 

r £[ fl , 2 M ] 

Q 5 (R) = 2R?(-3HRi(2M - R)i - 3M + 2R) > 0, 


m(R) = 
m = 


re[R, 2 M] (Hr 3 + c ) 2 + r 3 (i — 2 M) — (Hr 3 + c) 
min m(R) > 0. 

Re[r H ,2M] 


and 


We have 

r-2 m _ r 2M 

/ f'(r,c(R)) dr > m 


IR 


r sj(r - R) 2 Q 4 (R ) + (r - R)Q 5 (R) 


dr. 


The quantity Q 5 —> 0 and Q 4 bounded as R —> r# (c —> ch ) imply V(2M;c) —> 
00 as c —> ch ■ 

Now we look at the case c —> 0, that is R —> 2M. To study the limit 
lim f'(r, c(R )) dr, we need to estimate the denominator of j'(r). From 

(13.61) and 


lim ( min (r - R)P 3 (r, R, deg = 4) + (2 R 2 ) (-3HR? (2 M - R)* - 3 M + 2 R 
H-»2M Wg[H,2M] ' V 

= 8 M 3 , 


,. . -( Hr 3 + c ) 

lim mm -f 

R—>2M re[R,2M] (2 M - R) 2 

= (2M)L 


lim min 

B-»2M r6[B,2M] 


—Hr 3 + + fit (2M -R)i 

(2 M-R)i 


for i? close to 2M, we have the following estimate 


p2M n 

/ f'(r,c(R))dr< / 


(2M) 4 


r M 3 (r-R)+M 3 (2M - R) 2 ( r -R )2 
2 M -i 


■ dr 


< 16 M 


L 


r (r — R) + (2M — R) 2 ( r — R) 2 


-dr = 32M In 2. 


Hence 


lim V(2M- c ) = lim y/2M - R e™^^*" f ' (x) Ax ) = 0. 

c—>-0 R—>2M 


□ 
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Proposition 3.15. The TSS-CMC family ^h,-8M 3 h>c>c h region II point- 
wise converges to the cylindrical hypersurface r = th as c ch ■ 


Proof. Given to > 0 and c £ (ch,~8M 3 H), there uniquely exists ro = 
ro(R) £ [R,2M) such that 


to — 



f'{x,c{R))dx 



x Hx 3 + c 

x — 2 M ^/(Hx 3 + c) 2 + x 3 (x 


= dax 
2 M) 


Letting c tend to ch, if ro(R) rn then right hand side will be unbounded, 
and it contradicts to the finite value of left hand side. Hence we have ro(R) —> 
r H - □ 


The case E H c h > c >-8M 3 h can be t rea t e d similarly, and we can conclude 

that 


Theorem 3.16. There exists a constant C > 0 such that for any given H > 
—C, the TSS-CMC family E^ sm 3 h>c>c h f orms a foliation in region n, and 

for any given H < C, the TSS-CMC family E fj c h >c>-8M 3 h f orms a foliation 
in region n ’. 


3.5. Maximal hypersurfaces foliation in the Kruskal extension 

In this subsection, we will show that T-axisymmetric spacelike spherically 
symmetric maximal hypersurfaces form a foliation in the whole Kruskal ex¬ 
tension. From Theorem l3.lll and l3.161 we know that {Efl- = o} forms a foliation 
in region n and II ’. Using the above method, we can also prove that {E# = o} 
forms a foliation in region I and I ’. Thus it forms a foliation in the whole 
Kruskal extension. This reproves the result of Beig and O Murchadha in !T|. 

When H = 0, from (EH) and ( 12 . 101 ) . we have ku{r) = —knir). Since 
Ch is the maximum value of kn(r) and ch is the minimum value of kn{r), 
we get Ch = — ch■ So two hypersurfaces E ^_ 0 c and S ^-_ 0 _ c , c £ ( ch, 0) are 
symmetric about the X-axis in the Kruskal extension. To prove the maximal 
hypersurfaces foliation, it suffices to show the case of E ^ =0 0>C>CH ■ 

Remark that Proposition 13.61 implies that in E^ =00>c>ca , if the limit 
lim JIn W r ’ c ) < o, then hypersurfaces are disjoint. Referring to the compu- 

]—>oo ac 

tation of dln H' ,c ) Appendix IBI and ICl we put H = 0 in (IB. II) . In this case, 

a = |, and from (1C.21) and (1C. 31) we get 


4M(2R - 3 M) 


dlnU(r; c(R)) 
dc 

(( 2 -§&),-§ 6 ) 


h (z-l )2 (z 3 + z 2 + z + l-b{z 2 + z + l)) 3 


_ 1 _ 

\/(b-l) + z 3 (z-b) 

Z ~~K 

(3.7) 


dz — 
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Consider the limit of (13.71) as r tends to infinity and let y = z — 1: 

f°° ((2 - § 6 ) ^ ^ | 6 ) 


-5~ d2 

h (z-l)i (( 2 3 + 2 2 + z + 1 ) - b(z 2 + z + l )) 5 
f°° (2 - | 6 ) y 3 + (6 - 6 b)y 2 + (6 - f 6 ) y + (2 - 36) 


d;y. 


do j /2 (y 3 + (4 — b)y 2 + (6 — 3b)y + (4 — 36)) 2 
In this case, 1 < 6 < |, and the denominator can be bounded by 

y(y + l) 2 < y 3 + (4 - b)y 2 + (6 - 3b)y + (4 - 36) < (y + l) 3 . 
Hence (EH) has the following estimate: 

(2 - § 6 ) y 3 + (6 - 6 b)y 2 + (6 - f b) y + (2 - 3b) 


(3.8) 


/“ 

Jo 


< 


i o ■ d y 

y 2 (y 3 + (4 — b)y 2 + (6 — 3b)y + (4 — 36)) 2 

(2-jfrb 3 (6 — 6b)y 2 (6-f6)y _ 

yi(y(y+l) 2 )i w*((y + l)3)i j/i ((y + l) 3 )i j/i((y + l) 3 )i 


2-36 


dy 




16 

105 


6 - 


15. 


+ i (2 - 3fo) 


So we have lim dlnl jfcTSD < o, which means all maximal hypersurfaces 

r—¥ oo ac 

are disjoint. 

To show these maximal hypersurfaces cover the whole Kruskal exten¬ 
sion, it suffices to show that for all fixed r > 2 M, lim V(r;c) = oo and 

lim 777^77 = 1. Since H(r;c) > V(2M',c) and V(2 M;c) -> 00 as c -> cjj by 

C—¥0 V V’ C ' _ 

Proposition 13.141 we get lim V(r;c)=oo. 

mch 

From (03), (03, and c = —l ? 2 ( 2 M — 1 ?) 2 , we have 
U(r;c(R)) = 

- e 2tt(r+2Mln\r-2M\-R-2Mln\R-2M\-fx f'(x)dx) 

V(r;c{R )) 

= e w(/fl( 1+ ,“( -/'(x,c(fl))) dx) 


= e 


fi 2 (2 M-R) 2 
2 M 


•/ft 


= da: 


^ (x — 2M)y/x — R-\/x^ — (2 M — R ) (x^ + Hcc + H^) 

The positive function , -- is bounded by / 1 ,, as long 

H v /i 3 -(2Af-fl)(i 2 +fii+Ji 2 ) J %/3M 6 


as 


R > and x > R. We also have 



Vx-R- V2 M - R 

/ (a-2 M)y/x-R yJ 2 M - R 

\Jx — R + \J 2 M — 1? 


C. 
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Hence 


1 < lim 


U{r;c(R)) 
c^o V (r; c(R)) 


< 


3 . _ _„ 

R2 1 n Vx-R- V2M-R 

lim e 2 A7 | V*— -H+ \/ 2 m —h 11 x= r 


= lim 
i{->2M 


Vr^R - y/2M - R 
VMMl + y/2M - R 


R 2 
2Af 


= 1 . 


In conclusion, we get the foliation theorem. 


Theorem 3.17. If H = 0, the foliation Coniecture \3.3\ is true. 


Appendices 


Appendix A. Formula of dlnV in CH <c<o 

The aim of the appendices |A] and |B] is to derive the formula of . 

First of all, we discuss TSS-CMC hypersurfaces in Ylfj CH<C<0 - For r £ [0,1?), 
by the chain rule, we have 


din F(r;c(j?)) 
dc 


d In F(r;c(i?)) d R 
d i? dc 


1 

4 M 



/'(x;c(i?))dx 


d R 
dc ’ 


where 


f’(x,c(R)) = 


l 2 (x,c{R)) 


h(x) V l 2 (x, c(R)) — 1 


and l(x,c(R)) = 


-Hx-m 

X 2 J 


from jno) and c{R) = — HR 3 — R 2 (2 M — R) 2. Some rearrangements give 


_d_ 

di? 


/'(x;c(i?)) dx 


A / -Ai=d, 

di? J r h(x)\JA 2 (x : R) + B(x) 

±r _ Am 

di? J r h{x)^/{R — x)P(x, R) 


where A(x,R) = Hx 3 — HR 3 — i?i(2M — i?)5, B(x) = x 3 (x — 2Ai), and 
P(x,i?) 7^ 0. Since j' R f (x; c(R))dx is an improper integral, we have to be 
careful. For e > 0, define 


pR—£ 

MR) = / ■ 

J r 


A(x, R) 


h(x)^/A 2 (x, R) + B{x) 


: dx = 


nR—e 
J r 


A(x, R) 


h(x)^/(R — x)P(x , R) 


: dx. 
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By the fundamental theorem of calculus, we have 

d MR) 

d R 


_ A(R-e,R ) _ f R - £ J_ d_ 

h{R - e)^/A 2 (R -e,R) + B(R - e) J r h{x) dR 

d f _ A(x,R ) _ j h{R—e) d f 

Ax \^/A 2 (x,R)+B(x) J h ( x ) dR ^ 

1 _ A{r,R) 

HR - e) H A 2 H,R) + B{r)' 



A(x, R) 


HA 2 (x, R) + B(x) 


dx 


A(x,R) 

yjA 2 ( x,R)-\-B(x ) 


da; 

(A.l) 


A direct computation shows that the terms with order (R — x) 2 in the 
integrand all have e in their coefficients. Therefore converges uniformly 

and it implies that 


^r/r f'( x ’ c ( R ^ dx 

1 f R H ■ F(x,R) + G(x,R) ] 1_ A(r, R) 

HR) Jr ( R-x)i{P(x,R))i X+ HR) V A 2 (r,R) + B(r )’ 


where 


F(x, R) = x 2 (—3x 2 (x + R- 2 M) + (2x - 3 M){x 2 + Rx + R 2 )) 
= x 2 ((3M - x)(x 2 - R 2 ) + xR{R - 3 M - x)) 

= x 2 (-x 3 + (3 M - R)x 2 + (2 R 2 - 3 MR)x - 3 MR 2 ), 
G(x, R) = a : 2 y/~h{R)(x(R - 3 M) + R{x - 3 M)). 

The function c(R) = —HR 3 — Ft A (2 M — R)i implies 

dR \/—h{R) 

dc “ -3 HRi (2 M - R) + (2 R - 3 M) 

and we denote 

J(R) = -3HRi(2M -R) + (2 R - 3 M). 


(A.2) 

(A.3) 

(A.4) 


(A.5) 

(A.6) 


In conclusion, we have 
dlnF(r; c(R)) 
dc 

_1_ ( f R H ■ F{x,R) + G(x,R) ^ A(r, R) 

4 MJ(R)y/^h(fi) \J r {R-x)i(P{x,R))% * + yj A 2 (r, R) + ~B(r) 

(A.7) 


Takine r = 0 in (IA.7D and , A< '°’ R ' ) = — \ give 

6 - y/A 2 (0,R)+B(0) 6 

dlnF(0; c(R)) _ 1 ( [ R H ■ F(x,R) + G(x,R) ^ ^ 

dc “ 4MJ(R)y^K(W) \Jo (R-x)i(P{x,R))i % ) 

(A.8) 
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The criteria in Proposition 13.41 implies that if dln ^°’ c ' ) = lim dl ‘ 1 ^ r ’ c - ) < 
0, then hypersurfaces in E1^ ch<c<0 are disjoint. Remark that ^ < 0 for 
^h,c h <c< o> which implies J(R) < 0. 


Appendix B. Formula of dlnV £ ;c(fl)) in ^h,-8AFh>oc h 

Next, we consider TSS-CMC hypersurfaces in Ej _ SM 3 H>c>ch • For r e (-^i °°)> 
by the chain rule, we have dln v j RC ( R )) = d ln v,(nc(ii)) dg anc [ f ormu i a (|3.4H 
implies 


4M dln Vjr-MR)) = ]im d 
d R e->o d R 


f'(x; R)dx + R + 2 M In \R-2M\). 


R-\-£ 


Since f is smooth on r £ [R + e, r], we can use the fundamental theorem of 
calculus to get 

f, f d In F(r;c(i?)) 
d R 

= lim f — f'(R + e\ R) + 

e->0 V 


' R-\-£ 


5 Ti ! ' (x ’ r)Ax + WT7) 




= lim 

£—>-0 


A(R-\~e ,R) 


h(R+e)y/A 2 (R+E,R)+B(R+e) + ^ R + e d R ^ A 2 (x,R)+B(x) 

Similar to the formula m and its argument, we get 
dlnF(r; c(R)) 


A(x,R) 


dx 


4 M- 


d R 

f r H ■ F(x, R) + G(x, R) 


dx — 


A(r, R) 


h{R) Jr (R-x)v(P(x,R))l ~~ h(R) ^ A 2 (r, R) + B{r)' 

where F(x, i?), G(x, R) are as (1A.2I) and (1A.4I) . respectively. From (1A.5I1 . we 
get 

din F(r; c(R)) 


dc 


1 ( f r H ■ F(x,R) +G{x,R) 

AMJ(R)^(R) \JR (x - R)v(P(x, R))% 


dx 


A(r, R) 


yj A 2 (r, R) + B{r)) ’ 
(B.l) 


where J(R) = —3 F[R* (2 M— R) + (2 R— 3 M). In particular, taking r = 2 M, 
formula EU) becomes 

dlnR(2 M;c(R)) _ 1 _ ( f 2M H ■ F{x , R) + G(x, R) ^ 4 N 

dc ~ 4MJ(R)^K(R)\Jr (x-R)i(P(x,R ))f , 

(B.2) 
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Remark that Proposition 13.61 implies that in £^ sm 3 h>c>c h > th e 

lim ■ dIn dc (r,c) < 0, then hypersurfaces are disjoint. Furthermore, we have 


r—> oo 
d R 
d c 


> 0, which implies J(R) > 0. 


Appendix C. Change of variables 

We shall use the following change of variables for better control. Define a = 
™,b=2jf, and z=%. Then h(R) = 1 - b and 

rro 2r H -3M „ R 1 _a^_(4_-3a\ 

2,Jr%(2M -r H ) r n ,/2M _ i l 6 ) b y/a - 1 \ 6 /' 

V r H X 7 

(C.l) 


Furthermore, we have 

H ■ F{x, R) = ^ -j== (-3 2 2 (z + 1 - 6) + (2z - (z 2 + z + 1)) , 

G(x, R) = R 4 z 2 Vb ^I (2 ( X - + ( 2 - l b )) . 


and 


P{x,R) 


= R‘ 


( ( a(4 ~ 3a l ^ (2-l)(z 2 + z+l) 2 - °-( 4 ~ 3a \ ( z 2 

I \6b(a — l) - ^ J 3b(a — 1)2 

V + (z 3 + 2 2 + Z + 1 ) - b(z 2 +0+1). 


+ 2+ l)(6- 1)5 


Hence 


H ■ F(x, R) + G(x, R) 


dx = 


F(z, a, b) + G(z, b) 


Ir (x — R)z(P(x,R ))2 J i ( 2 - l) 2 (P( 2 ,a, 6)) 2 


dz, (C.2) 


where 

F( z , b ) = 6 a & ^_ 3 1 ”i g 2 (~3- 2 0 + 1 - 6) + ^2z - -b'j (z 2 + z + 1)^ , 
G(z,b) = z 2 (b- 1)5 (( 2 -^)^-^), 


P(z,a,b) 
f a(4 — 3a) N 2 


1 ch , n 1 I ( z ~ 1 )(~ 2 + 2 + l ) 2 
\66(a — 1 ) 2 / 

+ (z 3 + 2 2 + 2 + 1) - b(z 2 + 2 + 1 ). 


a(4 3a) . 2 

36(a — 1)5 


+ 2 + 1)(6- 1)2 


and 
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We also have 


A(r, R) 


A(x, R ) 


i/y4 2 (r, R) + B(r) 


A 2 (x, i?) + B{x) 




2 


+ 2 3 (^-&) 


(C.3) 


These change of variables are helpful to get better estimates on the criteria 
(TOli and HH). 

Acknowledgment 

The authors would like to thank Quo-Shin Chi, Mao-Pei Tsui, and Mu-Tao 
Wang for their interests and discussions. The first author also likes to ex¬ 
press his gratitude to Robert Bartnik, Pengzi Miao and Todd Oliynyk for 
helpful suggestions and hospitality when he visited Monash University. The 
first author is supported by the NSC research grant 101-2917-1-564-005 and 
the second author is partially supported by the NSC research grant 99-2115- 
M-002-008 in Taiwan. We are also grateful to Zhuo-Bin Liang for useful com¬ 
ments. 

References 

[1] R. Beig and N. O Murchadha. Late time behavior of the maximal slicing of 
the Schwarzschild black hole. Phys. Rev. D (3), 57(8):4728-4737, 1998. 

[2] Dieter Brill and Frank Flaherty. Maximizing properties of extremal surfaces in 
general relativity. Ann. Inst. H. Poincare Sect. A (N.S.), 28(3):335-347, 1978. 

[3] Dieter R. Brill, John M. Cavallo, and James A. Isenberg. R'-surfaces in the 
Schwarzschild space-time and the construction of lattice cosmologies. J. Math. 
Phys., 21(12):2789-2796, 1980. 

[4] Douglas M. Eardley and Larry Smarr. Time functions in numerical relativity. 
Marginally bound dust collapse. Phys. Rev. D (3), 19(8):2239-2259, 1979. 

[5] Kuo-Wei Lee and Yng-Ing Lee. Spacelike spherically symmetric CMC hyper¬ 
surfaces in Schwarzschild spacetimes (I): Construction, arXiv:1111.2679v2. 

[6] Edward Malec and Naill O Murchadha. Constant mean curvature slices in the 
extended Schwarzschild solution and the collapse of the lapse. Phys. Rev. D 
(3), 68(12): 124019, 16, 2003. 

[7] Edward Malec and Naill O Murchadha. General spherically symmetric con¬ 
stant mean curvature foliations of the Schwarzschild solution. Phys. Rev. D, 
80(2):024017, 8, 2009. 

[8] Jerrold E. Marsden and Frank J. Tipler. Maximal hypersurfaces and foliations 
of constant mean curvature in general relativity. Phys. Rep., 66(3):109-139, 


1980. 














28 


[9] Amajd Pervez, Asghar Qadir, Asghar, and Azad A. Siddiqui. Foliation by 
constant-mean-curvature hypersurfaces of the Schwarzschild spacetime, Phys. 
Rev. D 51:4598-4599, 1995. 

[10] James W. York. Gravitational degrees of freedom and the initial-value problem. 
Phys. Rev. Lett., 26:1656-1658, 1971. 

Kuo-Wei Lee 

Department of Mathematics, National Taiwan University, Taipei, Taiwan 
e-mail: d93221007@gmail.com 

Yng-Ing Lee 

Department of Mathematics, National Taiwan University, Taipei, Taiwan 
National Center for Theoretical Sciences, Taipei Office, National Taiwan University, 
Taipei, Taiwan 

e-mail: yilee@math.ntu.edu.tw 



